Abstract: This paper investigates the complex behaviors and entropy properties for a novel random complex interacting stock price dynamics, which is established by the combination of stochastic contact process and compound Poisson process, concerning with stock return fluctuations caused by the spread of investors' attitudes and random jump fluctuations caused by the macroeconomic environment, respectively. To better understand the fluctuation complex behaviors of the proposed price dynamics, the entropy analyses of random logarithmic price returns and corresponding absolute returns of simulation dataset with different parameter set are preformed, including permutation entropy, fractional permutation entropy, sample entropy and fractional sample entropy. We found that a larger λ or γ leads to more complex dynamics, and the absolute return series exhibit lower complex dynamics than the return series. To verify the rationality of the proposed compound price model, the corresponding analyses of actual market datasets are also comparatively preformed. The empirical results verify that the proposed price model can reproduce some important complex dynamics of actual stock markets to some extent.
Introduction
The financial market is a complex nonlinear evolving system composed of many interacting agents just as physical systems, and its fluctuation and corresponding absolute returns often represent strong nonlinearity and persistent memory [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Recently, much effort has gone into the study of reproducing and investigating nonlinear complex dynamics of financial systems for a further understanding the mechanisms of financial markets, and its crucial application in risk management, non-equilibrium derivatives pricing, hedging, forecasting, etc. [2, 10, [12] [13] [14] [15] . Over the past decade, a considerable volume of agent-based models have been proposed, based on the field of interacting particle systems (or statistical physics systems), to model the main observed stylized facts, such as fat-tailed distribution, volatility clustering, time-dependence, multifractality and complex dynamics [10, [16] [17] [18] [19] [20] [21] [22] [23] [24] . For example, the percolation and oriented percolation are used to construct a financial price model, in which the mutual interaction is imitated by the movement and filtering of fluids through porous materials, and a cluster of percolation is utilized to define the group of investors sharing the same trading attitudes toward the financial markets [17, 18] . Stochastic contact process is introduced to construct agent-based financial interacting dynamic system, in which the dissemination of trading attitudes in the financial market is imitated by the epidemic spread process [19] . A novel random financial price dynamics is developed by stochastic exclusion process to study the complex behaviors of financial markets, in which the trading attitude interaction is imitated
Interacting Price Dynamics with Random Jump
Interacting particle systems have been widely applied to model the financial market dynamics. The behaviors of interacting traders in the financial markets are imitated by particles' interacting process. These models' efficiency has been widely testified by a large number of literature. In this section, we construct a novel random complex interacting stock price dynamics by the combination of stochastic contact process and compound Poisson process.
Stochastic Contact Process
The contact process, one of interacting particle systems [19, 33, 34] , is often thought of as a fundamental model for the spread of some infection. In contact process, infected individuals recover with a constant rate, and healthy individuals become infected with a rate which is proportional to the number of the infected neighbors. Specifically, the stochastic contact model is a continuous time Markov process η s which belongs to the configuration space {0, 1}
. If η s (x) = 0, the individual at the position x is healthy and will be infected with a rate equal to λ times the number of the infected neighbors; if η s (x) = 1, the individual is regarded as infected and becomes healthy at rate 1. For a smooth function f on {0, 1} Z d that depend on finitely many coordinates, the generator of the process η s is defined as
where
is named the transition rate function and given as
where, || · || denotes Euclidean distance in Z d . Let η A s denotes the state of contact process at time s with the initial infected set η A 0 = A. Further, let η {0} s (x) be the state of x ∈ Z d at time s with the initial single point infected set {0}. One of the most important features of the contact process is that survival and extinction can be both occur, and which one occurs depends on the value of rate λ. There is a critical value, which is defined as
where |A| denotes the cardinality of a finite set A. If λ < λ c , the contact process is said to die out, namely, P(|η {0} s | = ∅, for all s ≥ 0) = 0; otherwise, for λ > λ c , it is said to survive. More generally, we consider the initial probability distribution of infected individuals as ν ρ , the product measure with probability ρ (0 ≤ ρ ≤ 1) at the initial moment, namely, each individual is independently infected with probability ρ, and denoted as η ρ s for simplicity.
Modeling Financial Price Model
In this section, we develop a novel agent-based price dynamics by the combination of contact process and compound Poisson process with normally distributed jumps, which represent the fluctuations caused by the spread of the investors' trading attitudes and the random jump fluctuations caused by the macroeconomic environment, respectively. Firstly, we assume that the stock price fluctuations partly result from the investors trading attitudes toward the stock market, and suppose that the trading attitude is represented by the viruses of the contact model, which accordingly classify the market investors with buying attitude, selling attitude and neutral attitude, respectively. Considering a model of auctions in a security market, assume that each investor can trade the stock several times each day t ∈ {1, 2, . . . , T}, but at most one unit of security each time. Let l be the length of trading time in each trading day, we denote the security price at time s in the t-th trading day by P t (s) where s ∈ [0, l]. Suppose that the security market consists of 2M + 1 (M is large enough) investors, who are located in lattice {−M, . . . , −1, 0, 1, . . . , M} ∈ Z (similarly for d-dimensional lattice Z d ). At the beginning of every trading day, suppose that the investors at the infected sites have same trading attitudes. Then, we define a random variable ξ t for these investors, suppose these investors take buying attitude (ξ t = 1), selling attitude (ξ t = −1) or neutral attitude (ξ t = 0) with probability p 1 , p −1 or 1 − p 1 − p −1 , respectively. Then, these investors send bullish, bearish or neutral attitudes to their nearest neighbors according to the one-dimension contact dynamic mechanisms. Infected investors can affect their neighbors, or the trading attitudes can be spread, which is assumed as one of the main factors for price fluctuations. For a fixed s ∈ [0, l], we define
where |η ρ s | is the cardinal number of investors who take buying position or selling position at time s with initial distribution ν ρ , ξ t represents trading attitudes in t-th trading day, and, hence, A t (s) represents the aggregate demand in t-th trading day. From the above definitions and References [10, 19, 21] , the stock price evolution at t-th trading day is given as
where the coefficient β 1 is named depth parameter of the security market in this work, which measures sensitivity of price fluctuation in response to the aggregate demand. Thus, we have
where P 0 is the initial stock price at time t = 0. Then, we pay attention to the random jump fluctuations. Suppose ζ t is a Poisson process with intensity γ, B( k ) is an independent identical distributed (i.i.d.) sequence with normally distributed jumps, and B( k ) and ζ t are independent. The stock return jump amplitude at k-th Poisson point is B( k ). Here, B( k ) is defined as the k-th sample value of a standard normal distribution. The compound Poisson jump of the price is given by
where the coefficient β 2 measures sensitivity of price fluctuation in response to macroeconomic environment. We assume that the fluctuations of a security price is determined mainly by two parts, P (t) and P jump (t). We define the stock price P t on Ω ×Ω, which describes the behavior of all markets investors. More specifically, the stock price P t (t = 1, 2, . . . , T) at t-th trading day, for a fixed s ∈ [0, l], is defined as
where P 0 is initial stock price at time 0, and parameters β 1 , β 2 > 0. Now, we discuss the price process with the continuous time, which are defined from Equation (9) . The normalized process
where nu denotes the integral part of a real number nu, and Q n is a random variable which denotes the area under the A(ω k ). From References [10, 19] , the formula of stock logarithmic return is defined as
Probability Distributions of the Price Model
Considering stock returns in an interval time are autocorrelated [4, 10] , for the interacting part of the model, the "area" Q n may represent the situation on this stock during the time from 0 to n, including the investors' prediction, company prospect and benefit, trends, political event, economic policy, etc. If "area" is positive, there may have a positive influence on some market participants so that they are likely to take buying positions. In this paper, we only consider the case that the "area" is positive when n is large enough, similarly for the opposite case. In the following, with the condition
√ n is given. When λ is large enough and c(λ) > 0, the finite dimensional distribution of normalized conditional return process
converges to the corresponding distribution
where B(u) is a standard Brownian motion, σ 1 (λ) is the degree of fluctuation of the stock price, and µ 1 (u) is the local tendency of the stock price process. The proof is based on Section 4 of [35] , whose strategy of proof is from the theory in [36] [37] [38] . For the jump part of the model, since ξ t = β 2 ∑ ζ t k=1 B( k ) is a compound Poisson process, then {ξ t , t ≥ 0} is a Lévy process [39] [40] [41] . For real-valued Lévy processes, the characteristic function of its increments follows the Lévy-Khinchine formula
, m and σ are continuous functions of t. From the combination of above two parts, and by Equations (12) and (13), we can deduce that the distribution of the proposed model given in Equation (9) has the Lévy type distribution.
Empirical Research for Financial Price Dynamics
In this section, we investigate the nonlinear complex behaviors of the proposed compound financial price dynamics. To obtain a robust result, actual market datasets (Shanghai Stock Exchange (SSE) composite index and Hang Seng Index (HSI)) are comparatively considered with the simulation ones, the selected daily closing prices for the period from 28 June 1995 to 31 May 2017 with 5320 data points (some slight differences exist for different non-trading days between the two markets, and some one-day missing values are supplemented by linear interpolation). The time series are available on the Yahoo Finance website (https://finance.yahoo.com). For simplicity, the corresponding empirical experiment is performed by computer simulation for different infection rates λ in contact process, and different intensity γ in compound Poisson process. In the following, we set the time length of analysis to 5320 and initial probability ρ to 0.3 (namely, each individual is independently infected with probability 0.3) in contact process to gain simulation datasets.
Basic Statistical Properties of Returns
The statistical analysis of the financial returns and the corresponding absolute return series has attracted the interest of many researchers for their wide application in asset allocation, asset pricing, risk management, stock return volatility forecasting, etc. [2, 10, [12] [13] [14] [15] . Recent empirical works have reported that the empirical probability distributions of financial returns are believed to deviate from a Gaussian distribution, and they usually exhibit more leptokurtic and fatter tails than the Gaussian case, which is usually called "fat-tail" distribution, and may be explained as the result of the herd effect of investors in the security markets or illiquidity. A highly leptokurtic distribution is characterized by a narrower and larger maximum, and by fatter tails than a Gaussian one [10] . The kurtosis, which is one of the most important statistics to describe leptokurtic, is exhibited in Table 1 . When the kurtosis of a series is larger than 3, which is the kurtosis of a Gaussian distribution, there exist fat tails in the probability distribution. Moreover, the descriptive statistics, the Kolmogorov-Smirnov (K-S) test and Anderson-Darling (A-D) test of normalized returns of the actual marketdatasets and the simulation ones are also exhibited in Table 1 [42] . In the K-S test of the corresponding normalized returns, the signification level is 5%, and the lengths of returns are 5320, the critical values are the same at 0.0186. The K-S test returns the logical value H = 1 if it rejects the null hypothesis that the distribution of normalized returns follows the standard normal distribution at the given significance level, while H = 0 if it cannot. In the A-D test of the returns, the hypothesized distribution is normal distribution in this paper, the signification level is also 5%, and the corresponding critical values are 0.7518. The A-D test returns the logical value I = 1 if it rejects the null hypothesis that the distribution of returns follows a given probability distribution (here, normal distribution) at the given significance level, while I = 0 if it cannot [42] .
According to the empirical results in Table 1 , we can find that the tail distributions of the simulative datasets and the actual ones are deviating from the Gaussian case, the kurtosis are larger than 3. Moreover, in K-S test and A-D test, all the logical values are 1, and all the stats are larger than the corresponding critical value, so the null hypothesis that the distribution of the simulative datasets and the actual ones follow the normal distribution can be rejected at the significance level 5%. It is obvious that the actual datasets and the simulation ones display similar fat-tail and leptokurtic attributes. We also find that the kurtosis isincreasing steadily from 4.9788 to 7.0522 with λ increasing from 1.5 to 2.5 and fixed γ = 0, which imply that the fat-tail behavior is more significantly as λ increases. The reason of this increasing is that the rate λ represents the rate of attitude spread in the price dynamics, and the increasing of λ implies the interaction among the investors becomes more and more active, which is supposed to bring the herd behavior of the security market, and usually results in the fat-tail distribution for the returns. There are similar patterns for γ = 10 and γ = 20, but larger kurtosis than the case of γ = 0, which may be explained that γ represents the rate of Poisson jumps; that is, a larger γ shows more large fluctuations and directly leads to fat-tail phenomenon of the returns. Moreover, the empirical probability density distributions of the simulation datasets with γ = 10 are presented in Figure 1 with comparison to a Gaussian distribution. The patterns of these curves also show that the actual datasets and the simulated ones deviate from the Gaussian. It is transparent that the simulation datasets exhibit the similar fat-tail and peak distributions to the actual ones. 
Fractional Permutation Entropy
Permutation entropy, proposed by Bandt and Pompe, is a complex measure for arbitrary time series based on analysis of order patterns [29] . Consider a time series x(t) (t ∈ {1, 2, . . . , T}), comparing n-dimension vector (x(t), x(t + τ), . . . , x(t + (n − 1)τ)), suppose it has permutation π, and all n! permutations π of order n which are considered as possible order types of n different numbers. For each permutation π, the relative frequency is determined as
where n and τ denote the embedding dimension and the time delay, respectively. The permutation entropy of order n ≥ 2 is defined as
where the sum runs over all n! permutations π of order n. The permutation entropy H(n) is between 0 and ln n! for τ = 1, when all the permutations have same frequency, H(n) reaches its maximum. Permutation entropy of returns r(t) and absolute returns |r(t)| for n ∈ {4, 6, 8} of simulation datasets and actual datasets with τ = 1 are exhibited in Table 2 . We can find that all the permutation entropy values are close, the permutation entropy of returns r(t) is slightly increasing from 3.1684 to 3.1768 with λ increasing from 1.5 to 2.5 and fixed γ = 0 and n = 4, which means that the behavior of returns is more complex as λ increases. The reason for this increase is that the rate λ represents the rate of attitude spread, and the increasing of λ implies that the interaction among the investors becomes more frequent, which is supposed to bring more random order patterns and temporal information, and hence lead to more complex dynamics. There are similar patterns for γ = 10 and γ = 20, but with larger permutation entropy than the case of γ = 0. This may be explained as a larger γ shows more frequent violent fluctuation to the stock price. Additionally, the permutation entropy values of absolute returns |r(t)| are slightly smaller than those of returns r(t), which represents that the absolute return series exhibit less order permutation patterns, larger correlation, and hence are easier to predict than the return series. A generalized expression of permutation entropy is brought with approaches in fractional calculus by References [43, 44] . Fractional permutation entropy (FPE), a modified permutation entropy, is proposed to detect fractional order characteristics for complex system.
where −1 ≤ α ≤ 1, p i is the probability that the system is in state i, and i runs over all possible states in the system, S α leads to the permutation entropy as α → 0, where Γ(·) is the gamma function, and ψ(·) is digamma function, which has the form ψ(x) = Γ (x)/Γ(x). The FPE of returns r(t) with fractional exponent α from −0.3 to 0.4 with step size of 0.1 for n = 3 and τ = 2 of simulation datasets and actual datasets are exhibited in Table 3 . For every fixed parameter set, as α value increases, the FPE firstly increases and then decreases. For a fixed γ, the FPE values for larger λ are larger than the corresponding FPE values for smaller λ, which shows that a larger λ leads to more complex dynamics.
Comparing the FPE for γ = 20 with γ = 0, we find that the FPE for γ = 0 are slightly less than the corresponding FPE values for γ = 20, which means that high frequency of jumps leads to the increasing of complexity. . We can find that all curves evolve along similar shape. In Figure 2 , the FPE values track with larger λ lie above the ones with smaller λ. It indicates that, when λ increases, the FPE increases, which means that the dynamics of system become more complex as λ increases. Because the rate λ relates to the speed of investors react to the security market, as λ increases, the market will become more swarming and the investors are more likely to group together which lead to large fluctuations as a result. 
Fractional Sample Entropy
Sample entropy proposed by Richman and Moorman [30] , which is independent of data length and exhibits relative consistency, is a complex statistics method of time series through comparing of vector pairs in template vectors of two adjacent embedding dimension. Considering a time series x(t) (t ∈ {1, 2, . . . , T}), the state vector X m,τ is defined as X m,τ i 
The average of the C m i (r) is given as
which represents the frequency that any two vectors are withinr of each other. Then, the sample entropy of time series x(t) (t ∈ {1, 2, . . . , T}) is given as
Although m andr are vital in calculating the sample entropy, no guidelines exist for optimizing their values. The rule accepted widely is thatr = l × SD (0.1 ≤ l ≤ 0.25) and values of m of 1 or 2. We calculate the fractional sample entropy for all datasets with parameters m = 2 andr = 0.15 × SD, SD represents the standard deviation of the considered time series, which is the usually chosen parameters combination [31] .
Sample entropies of returns r(t) and absolute returns |r(t)| of simulation datasets and actual datasets with m ∈ {1, 2, 3} are exhibited in Table 4 . For every fixed parameter set, as λ value increases, the sample entropy increases, which means that the sample entropy values for larger λ are larger than those for smaller λ, which shows that a larger λ leads to larger fluctuation, larger difference in number of vector pairs in template vectors of two adjacent embedding dimension, less self-similarity in data series, hence leads to more complex dynamics. We also find that sample entropies for γ = 0 and γ = 10 are slightly less than those for γ = 20, which means that higher frequency of jumps leads to more diversified template vectors. Meanwhile, the sample entropies of absolute returns |r(t)| are slightly smaller than those of returns r(t), which displays that the absolute return series exhibit more self-similarity, lower complex dynamics than the return series.
The fractional sample entropy, a modified sample entropy approximation based on the methods in References [30, 43] , is developed to detect characteristics of fractional order information for complex dynamics [31] . The fractional sample entropy (FSE) of time series x(t) (t ∈ {1, 2, . . . , T}) is then defined as Reference [31] FSE The FSE method is applied to study the complex behaviors of the actual datasets, the simulation ones, the empirical results with Gaussian are exhibited in Tables 5 and 6 and Figure 2 . Table 5 displays the FSE of returns r(t) with fractional exponent α form −0.3 to 0.4 with step size of 0.1 for different values of γ and λ. For every fixed parameter set, as α value increases, the FSE firstly increases and then decreases. All the FSE values of simulation datasets and actual ones are less than the corresponding FSE values of Gaussian, which displays that they are deviating from the Gaussian series. Meanwhile, for every fixed parameter set, as λ value increases, the FSE increases, which means that the FSE for larger λ are larger than those for smaller λ, which shows that a larger λ leads to more complex dynamics. We also find that the FSE for γ = 0 and γ = 10 are slightly less than those for γ = 20, which means that higher frequency of jumps leads to more complex behaviors. Additionally, comparing Table 6 with Table 5 , we find that the FSE values of absolute returns |r(t)| are observably less than the corresponding FSE values of returns r(t) (except for Gaussian), which means that the absolute return series exhibit lower complexity than the return series. Figure 3 depicts FSE curves versus α for the actual market datasets and the simulation ones, α ranges from −1 to 0.6 with step size of 0.03. Figure 3a depicts the FSE curves of returns of the SSE, the HSI, and the financial price model for λ = 1.5, λ = 2 and λ = 2.5 with fixed γ = 0. All curves evolve along similar shape, as α value increases, the FSE firstly increases and then decreases.
The FSE values of Gaussian lies above others, and, as can be seen, all datasets are deviating from the Gaussian. In Figure 3a , the FSE track with larger λ lies above the ones with smaller λ. It indicates that, when λ increases, the FSE increases, which means that the dynamics of system become more complex as λ increases. Because the rate λ relates to the speed of investors react to the security market, as λ increases, the market will become more swarming and the investors are more likely to group together which lead to large fluctuations as a result. Figure 3b depicts the FSE curves of absolute returns of the actual datasets and simulation ones. Being compared with Figure 3a ,b has similar dynamics behaviors. Figure 3b illustrates that except for Gaussian series, the FSE of absolute return series of actual datasets and simulation ones significantly decrease, which means that absolute return series exhibit lower complexity than return series. 
Conclusions
In the present paper, a novel agent-based complex price dynamics is introduced by the combination of contact process and compound Poisson process with normally distributed jumps, which concern with the fluctuations caused by the spread of the investors' attitudes and random jump fluctuations caused by macroeconomic environment, respectively. Then, we investigate and analyze the statistical behaviors of returns of the proposed model by descriptive statistics, K-S test and A-D test. The results show that the proposed price dynamics displays some stylized facts reported in financial time series. Further, to better understand complex dynamics of the proposed model, entropy analyses including permutation entropy, fractional permutation entropy, sample entropy and fractional sample entropy are preformed. The empirical results show that absolute return series exhibit less complex dynamics than fluctuation ones. A large λ is more likely to lead to complex dynamics, since the rate λ relates to the speed of attitude interaction in the security market, as λ increases, the market will become more swarming which lead to large fluctuations as a result. Furthermore, larger γ almost have larger entropy, since γ represents the rate of Poisson jumps, a large γ is more liable to trigger large fluctuation and directly lead to fat-tail and complex dynamics. Moreover, we choose the daily returns of SSE and HSI as the actual market datasets. Through the comparisons of the above analyses for the actual datasets and the simulation ones, the simulation datasets derived from the nonlinear stochastic interacting price model have similar statistical and complex dynamics with the actual markets, which indicates that the present financial price dynamics model could grasp some natural features of actual markets to some extent.
